Introduction
In the book A Lifetime of Puzzles, Rik van Grol [4] wrote a paper about the Insanity kind of puzzles. In this paper, he gave a wonderful account of the history of the "Instant Insanity" puzzle and related puzzles. The majority of the Insanity puzzles consist of n cubes, with a fixed n ∈ {4, 5, 6}, and the six faces of each cube coloured with one of n colours in such a way that each one of the four colours appears in each cube. To solve the puzzle one has to find a way of stacking the n cubes in a tower (a n × 1 × 1 prism) in which the n colours appear in each one of the long faces of the tower. As an example, for n = 4 the way in which the cubes of The Instant Insanity puzzle are coloured is depicted in the next figure (they are not the original colours of the Instant Insanity but the structure is exactly the same):
For the rest of the paper, when we refer to an Insanity puzzle we mean a collection of n coloured cubes with n colours as we described it in the last paragraph. For each fixed n ∈ {4, 5, 6}, there are a lot of ways of colouring one cube with n colours and even more ways to select n of these coloured cubes to have one Insanity puzzle. The Instant Insanity is just one example constructed by taking n = 4. There are also Insanity puzzles with n = 5 that have been in the market as the Hanayama, the Trench Tantalizer, and, the Allies Flag Puzzle (the configurations of these puzzles can be find in [4] ).
Despite of the huge amount of possibilities to construct an Insanity puzzle, the majority of Insanity puzzles that have been commercialised have the same colouring structure (some of them use four symbols instead of four colours). I share Rik Van Grol's (and O'Bernie's [12] ) amazement that people or firms bringing out and commercialising a new Insanity puzzle, do not make an effort to design their own version, but simply replace the original pictures or colours with other figures or colours. This paper is inspired by this amazement.
We have found all possible Insanity puzzles with four, five and six cubes and four five and six colours respectively. We have also classified them by their number of solutions. In doing so we have been able to answer questions like:
What is the maximum number of solutions that an Insanity puzzle can have? Given a number s between this maximum and zero, how many Insanity puzzles have s solutions?
Once we have fixed one of these Insanity puzzles, is it possible to form a 2 × 2 × 1 prism with monochromatic faces?
We have used combinatorial game theory and graph theory tools to model the Insanity puzzles. The model that we use to analyse Insanity puzzles has been inspired by an algorithm that T.A. Brow presented in [1] . He has used this algorithm to solve by hand the Instant Insanity puzzle.
For those interested in creating and designing new Insanity puzzles, we hope that with the results that we present in this paper, it will be possible to construct Insanity puzzles without using the same combinatorial structure of puzzles that are already on the market. Also, these results open the possibility of creating a multilevel Insanity puzzle that can have different puzzles varying with the number of possible solutions.
Other kind of Insanity Puzzles
There exists a whole family of variations of Insanity puzzles. Rik Van Grol presents in [4] other kind of Insanity puzzles such as On the spot Insanity (that he has designed and presented in the 23rd International Puzzle Collectors Party).
In the same paper, Rik Van Grol also mentions the Mutando puzzle that consists of four cubes with faces that have four colours but does not fulfill the requirement that all the cubes must have at least one face with each one of the colours. We present in the last section of this paper a detailed description of the Mutando puzzle. We also present a new Insanity puzzle that we called the Mutando of Insanity that is a puzzle analogous to the Mutando but that fulfils the properties of an Insanity puzzle.
In [3] , Demaine et al. defined a whole different family of Insanity puzzles. These puzzles do not necessarily use cubes, they are constructed with regular prisms in such a way that all the coloured faces must apear in the solution of the puzzle. There exist other great puzzles that consists of coloured cubes and figures that are not considered as Insanity puzzles. We refer the interested reader to a book by P.A. Macmahon [11] were he has written about several coloured figure puzzles. There exists also a generalisation of the Instant Insanity to other Platonic Solids other than the cube [10] .
These other kind of Insanity puzzles are very interesting and some of them are still in need of a mathematical modelling to analyse them. In this paper we are not going to analyse this other type of Insanity puzzles.
History of mathematical solutions to the Instant Insanity
In a personal conversation at G4G 12, David Singmaster gave us references about the first paper that give and analyse a mathematical model of The Tantalizer puzzle (commercialised before the Instant Insanity but with the same colouring structure) [2] . In this paper, some (at most four) undergraduate students at Cambridge University, who used to write under the pseudonym F. De Carteblanche, used graph theory to model the Tantalizer and to find the unique solution to the puzzle.
One year after the Instant Insanity was commercialised (in 1967 by Parker Brothers Division), T.A. Brown [1] used combinatorial number theory to solve the Instant Insanity.
We have found of mathematical interest that these two mathematical models are equivalent. It is possible to answer questions about possible graph structures with the combinatorial number theory structures that Brown has used and vice versa. In this paper we are not going to talk about this relationship. The mathematical model that we are going to define in the next section has a natural graph theoretical structure and the results that we have found can be settled in the language of graph theory.
As far as we know, the only two mathematical models for the Insanity puzzles that are analysing in this paper are the ones presented in [2] and [1] . Although these are the first papers in which these models were presented, there are other articles and books that talk about Insanity puzzles ( [9, 8, 14, 15] ). Some of these papers give a refinement or a different way of explaining what Brown and De Carteblanche have done. The results that we present in this paper were computed in less than 24 hours for n = 4, 5, 6 but it was proved in [13] by Eduard Robertson and Ian Munro that the generalisation of Brown's algorithm to all n ∈ N is N P − complete.
Mathematical Modelling of Insanity puzzles
The definitions that follow were inspired by the algorithm that Brown [1] used to solve the Instant Insanity. We do not know if the definitions and structures that we are defining in this section have already been studied, but they are a natural way of generalising the matrix structures that Brown has used in [1] . We believe that by stating the definitions in such a general framework we allow this structures to be useful not only to answer graph theoretical questions (the Insanity puzzles can be transformed in coloured and labeled graphs and be solved with graph theory) but also to be used in more general settings as combinatorial number theory, or algebraic topological structures as simplicial complexes.
From a finite set of prime numbers P = {p 1 , ..., p n }, we form the set of k products
For each m 1 , m 2 ∈ N we define a set containing all matrices with m 1 rows and m 2 columns such that each entry of the matrix is an element of P k . We will denote it by [P k ] m 1 ×m 2 . The next definitions will lead us to model the specific structure of the Insanity puzzles with a set of prime numbers and the set of matrices with prime product entries that we defined above. The set of prime numbers P = {p 1 , ..., p n } will represent the set of n colours or labels that we are going to use to colour or mark the faces of the cubes. In the Insanity puzzles, as we have defined them, the number n of labels is the same as the number of cubes which determine the
product of the labels of two opposite parallel faces in a cube and the three opposed faces of each cube will be represented in the three elements in one and only one row. Then, we want to take k = 2 and m 2 = 3. Because our Insanity puzzles have the property that each label must appear in at least one face of each cube, the product of the three elements of each row of a matrix representing an Insanity puzzle must be divisible by Π . We are going to consider two elements in [P 2 ] n×3 * as equivalent if we can get from one to another by permuting the rows or if we can get from one to another by permuting the entries of a row (within the same row).
Example 1 (Instant Insanity) For the Instant Insanity we have n = 4, we can take P = {2, 3, 5, 7}, and then P 2 = {4, 6, 10, 14, 9, 15, 21, 25, 35, 49}. By labelling the faces of the four cubes of the Instant Insanity with the prime numbers in P instead of colours we can have the following configuration for this puzzle: Although we could relabel these four cubes in a different way but still have the configuration of the Instant Insanity by permuting the labels, we are going to consider as different the matrices corresponding to two different ways of labelling the Instant Insanity and we are going to take the one given above as the canonic label of the Instant Insanity.
The next three elements of [P 2 ]
4×3 * represent the Instant Insanity puzzle and are equivalent because we can get from one to the other by permuting its rows or by permuting the elements of the first and the third rows within the same rows 
The next definitions will allow us to model the solutions of the Insanity puzzles. For an element
n×3 and a magic number M , we define the set of M partial solutions for A as V in such a way that each long face of the tower has each one of the n labels. Then, to find all solutions of an Insanity puzzle represented by a matrix A, we need two find the set [S {(1, 3), (2, 3), (3, 2), (4, 3)}, and {(1, 3), (2, 2), (3, 2) , (4, 2)}. Then, the set of 2 M -solutions of A with M = 44, 100 is given by
We can conclude that the Instant Insanity has only one solution and we can form the solution with the cubes by taking, for example, { (1, 2), (2, 1), (3, 2), (4, 3) } as the front and back faces of the tower and { (1,3), (2,2), (3,2) , (4,2)} as the right and left faces of the 4 × 1×1 tower.
In general, for an Insanity puzzle with n labels represented by a proper matrix
we can form a n×1×1 tower showing a solution. For this tower if we select its front, back, left, and right faces then the group S n of permutations of four elements and the group D 4 of the symmetries of the square is acting on the tower and we have | S n | × | D 4 |= n!·8 different ways of rearranging the cubes in the tower but still have the same solution of the puzzle.
All possible coloured cubes
Before finding the number of different Insanity puzzles and the number of solutions that each one has, we need first to know all possible ways for labelling a cube with n labels. With the mathematical model that we have proposed for Insanity puzzles, what matters is which label is in front of which label in the three different opposite pair of faces of each cube. Because of this, we are going to enumerate bellow all possible sets of three elements that we can form with P 2 for P = {2, 3, 4, 5} when n = 4, P = {2, 3, 4, 5, 7} when n = 5 and P = {2, 3, 4, 5, 7, 11} when n = 6. Also we need to guarantee that the product of the three elements is divisible by Π n i=1 p i because we need each label to be present in each one of the cubes. We are going to denote this set by [P 2 ] 1×3 n . It is an easy task to compute by hand and check with a computer the elements of [P 2 ]
1×3 n for n = 4, 5, 6.
has 52 elements. These elements are:
2) {4, 25, 21} 
Solutions to all Insanity puzzles
The purpose of this section is to analyse all possible Insanity puzzles for n ∈ {4, 5, 6}. We were able to find the number of solutions to all Insanity puzzles. In particular, for n = 4 we can know how many Insanity puzzles can be designed that have a different abstract structure with only one solution. This gives us a whole set of different Insanity puzzles with unique solution that is different from the Instant Insanity puzzle. To form a matrix A representing an Insanity puzzle, we take four distinct elements of [P 2 ]
1×3 n as rows to form an n × 3 matrix. Then we calculate the set of solutions [S The next Insanity puzzle with four cubes has only one solution and its configuration is different from the Instant Insanity. The next Insanity puzzle with four cubes has 72 solutions. For n = 5 there exists an Insanity puzzle with 18 solutions and there are no Insanity puzzles with more than 18 solutions. It is not true that for all 0 ≤ m ≤ 18 there exists a Insanity puzzle with m solutions. For m = 14 and m = 15 there is no Insanity puzzle with 5 cubes and m distinct solutions.
The next Insanity puzzle with five cubes has only one solution.
